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Abstract
We propose a codimension two warped braneworld model within the teleparallel f(T ) gravity.
By assuming a global vortex as the source, we found a l = 0 vortex solution that yields to a
thick string-like brane. Asymptotically, the bulk geometry converges to an AdS6 spacetime whose
cosmological constant is produced by the torsion parameters. Furthermore, the torsion induces
an AdS − dS transition on the exterior region. Inside the brane core, the torsion produces an
internal structure even for a single complex scalar field. As the torsion parameters vary, the brane
undergoes a phase transition leading to the formation of ring-like structures. The bulk-brane
Planck mass ration is modified by the torsion. The analysis of the stress energy condition reveals
a splitting brane process satisfying the weak and strong energy conditions for some values of the
parameters. In addition, we investigate the behaviour of the gravitational perturbations in this
scenario. It turns out that the gravitational spectrum has a linear behaviour for small masses and
is independent of the torsion parameters for large masses. In the bulk, the torsion keeps a gapless
non-localizable and stable tower of massive modes. Inside the brane core the torsion produces
new barriers and potential wells leading to small amplitude massive modes and a massless mode
localized around the ring structures.
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I. INTRODUCTION
The Randall-Sundrum models (RS) opened new possibilities for the geometry of the
multidimensional spacetime [1, 5]. By assuming a warped geometry, the propagation of
the gravitational [2], gauge [3], and fermionic fields [4] are governed by the bulk curvature.
Furthermore, the bulk curvature allows geometric solutions for the gauge hierarchy [5], dark
matter [6] and the cosmological constant problems [7].
In five dimensions, domain-walls branes offer stable solutions whose width and internal
structure steam from the self-interaction potential and the coupling to the geometry [8]. In a
general relativity based theory, wherein the gravitational sector is governed by the Einstein-
Hilbert action, the brane internal structure is driven by the interaction of two scalar fields
[9]. On the other hand, by modifying the gravitational interaction, thick brane solutions
can also be found in a pure geometric setup. Notably, in a Weyl geometry, where the metric
compatibility condition is violated by a scalar field, the Weyl scalar field also produces thick
branes with internal structure [10, 11]. Other modified gravity theories provides further
deformed solutions, as in f(R) [12, 13] and mimetic gravity [14].
Amidst the modified gravity theories, the teleparallel f(T ) theories have attracted much
attention recently [15]. Such models assume that the gravitational interaction is encoded
not in the curvature but in the torsion [16]. Instead of the metric, the dynamical variables in
teleparallelism are the vielbein, and a special connection, the so-called Weitenzbo¨ck connec-
tion, ensures the vanishing of the curvature tensor [17]. Unlike the f(R) models, teleparallel
f(T ) theories leads to second-order equations of the motion (eom) [18]. In cosmology, f(T )
models furnish geometric solutions to the early inflation [19] and to the late acceleration
phase [20, 21]. In spite of the extra degrees of freedom present in the vielbeins [22], the
linear perturbation upon the flat spacetimes has only two propagating degrees of freedom
[23–25]. The modifications of the f(T ) gravity was also explored on black holes [26–28],
binary objects [29] and violation of local Lorentz symmetry [30].
The effects of the torsion have been studied in braneworlds models, both in the Einstein-
Cartan [31, 32] and in the teleparallel gravities [33–35]. In a codimension one warped model,
a power-law f(T ) teleparallel gravity with a single real scalar field leading to a thick domain-
wall braneworld with internal structure was found [36]. This solution shares properties akin
to those generated by two interacting scalar fields in a GR based theory. Indeed, the torsion
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parameters modify the profile of the energy density leading to the splitting into two branes
[36]. The torsion modifications were extended by allowing general coupling to scalar fields
[37–39] and a mimetic theory [40]. In a metric formulation, the f(T ) gravity induces changes
on the stress-energy tensor, thereby modifying the source equation of state [41]. The torsion
also changes the dynamics of bulk fermions and the gravitational perturbations [42].
In this work we propose a f(T ) teleparallel codimension two braneworld. In six di-
mensions, axially symmetric solutions of the GR based Einstein equations, known as the
string-like branes, exhibit a rich geometric and physical properties [43–46]. The internal
manifold formed by the two extra dimensions has intrinsic properties, such as the deficit
angle, related to the brane features [47–50, 52–54]. Moreover, the two extra dimensions
enables the localization of the gauge fields considering only a minimal geometric coupling
[55].
Assuming a global vortex formed by a single complex scalar field we obtained a smooth
thick string-like brane whose width is controlled by the torsion. By varying the torsion pa-
rameters, the source undergoes a phase transition revealed by the stress energy components.
The profile of the energy density and the pressures show that the torsion tends to split the
brane, forming a ring-like structure. In the thin string-like regime, the torsion provides a
source for the bulk cosmological constant, thereby leading to a warped compactification. The
gravitational perturbations form a gaplass Kaluza-Klein (KK) spectrum whose interaction
with the brane depends on the torsion parameters.
The work is organized as follows. In section (II) we review the main definitions of the
teleparallel f(T ) theory and build the respective string-like braneworld. Furthermore, the
exterior and interior solutions are found, as well as the vortex solution. We examine the
stress energy tensor components and the brane tensions. In section (III) we derive the tensor
perturbed equations and explore the gravitational KK modes. Finally, additional comments
are discussed in section (IV).
II. TELEPARALLEL BRANEWORLD
In this section we present the main concepts of the teleparallel f(T ) gravity and obtain
the modified gravitational equations for the braneworld scenario.
In teleparallel gravity, the dynamic variable is provided by the vielbeins, defined by gMN =
3
ηabh
a
Mh
b
N , where the capital latin index M = 0, ..., D − 1 are the bulk coordinate indexes
and the latin index a = 0, ..., D − 1 is a vielbein index. In order to allow a distant parallelism,
the teleparallel gravity assumes a curvature free connection, known as the Weitzenbo¨ck
connection, defined by [16]
Γ˜P NM = ha
P∂Mh
a
N . (1)
The Weitzenbo¨ck connection has a non vanishing torsion, defined as T P MN = Γ˜
P
NM −
Γ˜¶ MN . The Weitzenbo¨ck and the torsion free connections are related by Γ˜P NM = ΓP NM +
KP NM where K
P
NM = (TN
P
M + TM
P
N − T P NM)/2 is the contorsion tensor [16].
By defining the so-called superpotential torsion tensor as SP
MN = (KMN P−δNP TQM Q+
δMP T
QN
Q)/2, a teleparallel equivalent gravity Lagrangian reads L = −κghT/4, where h =
√
g, with g the determinant of the metric and T = T P MNTP
MN/2 + T P MNT
NM
P −
2T P MPT
NM
N = TPMNS
PMN is a quadratic torsion invariant [16]. Such Lagrangian is
equivalent to the usual Einstein-Hilbert action. Indeed, the Ricci scalar for the Weitzenbo¨ck
is proportional to T by R = −T +∇MTMNN [16].
A modified gravity theory can be accomplished by considering as the gravitational La-
grangian a function of the quadratic torsion invariant f(T ) [15, 16]. We assume a six
dimensional bulk f(T ) teleparallel gravity in the form
S = − 1
4κg
ˆ
hf(T )d6x+
ˆ
(Λ + Lm) d6x, (2)
where κg is the gravitational constant and Lm is the matter Lagrangian. The modified
gravity field equation has the form [36]
1
h
fT
(
∂Q
(
hSN
MQ
)− hΓ˜R SNSR MS)− fTTSN MQ∂QT + 1
4
δMN f = −κg(ΛδMN + TN M), (3)
where f ≡ f(T ), fT ≡ ∂f(T )/∂T e fTT ≡ ∂2f(T )/∂T 2. An equivalent metric gravitational
field equation is given by [23]
RMN − 1
2
RgMN =
κg
fT
TMN + TMN , (4)
where the source-like term provided by the torsion has the form
TMN =
[
[fT − f(T )]gMN − fTTSMNP∇PT
]
/fT . (5)
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Therefore, the f(T ) torsion effects are equivalent to a GR additional source and a varying
gravitational constant. Note that, for a constant torsion scalar T , the vacuum spacetime is
equivalent to one with a cosmological constant of form
ΛT = −
[
T − f(T )
fT
]
. (6)
We seek for a codimension two axisymmetric braneworld. A suitable metric ansatz for
the string-like braneworld is given by [44, 47]
ds2 = e2A(r)ηµνdx
µdxν + dr2 +R20e
2B(r)dθ2, (7)
where 0 ≤ r ≤ rmax, θ ∈ [0; 2pi) and eA(r) is the so-called warp factor. The geometry is
smooth at the origin provided that [52, 53]
eA(0) = 1 , (eA)′(0) = 0
eB(0) = 0 , (eB)′(0) = 1. (8)
Accordingly, adopting the sechsbeins in the form ha
µ = diag(eA, eA, eA, eA, 1, R0e
B), the
torsion scalar is given by T = −4A′ (3A′ + 2B′), where the prime ( ′ ) denotes differentiation
with respect to r.
The correction on the gravitational constant provided by the f(T ) in Eq.(4) yields to a
modification on the relationship between the bulk and the brane Planck masses as
M24 = 2piR0M
4
6
ˆ ∞
0
fT e
2A+Bdr. (9)
For an axisymmetric source we assume a global vortex whose Lagrangian is given by
LM = −h
[
1
2
∂MΦ∂MΦ
∗ + V (Φ)
]
, (10)
where Φ = φ(r)eilθ is a complex scalar field. The corresponding stress energy tensor is
TMN = −1
2
(∂MΦ∂NΦ
∗ + ∂MΦ∗∂NΦ) +
1
2
gMNg
PQ∂PΦ∂QΦ
∗ + gMNV, (11)
whose components with respect to the metric (7) are
t0 =
1
2
[
φ′2 +R−20 e
−2B(lφ)2
]
+ V,
tθ = −1
2
[
φ′2 −R−20 e−2B(lφ)2
]
+ V,
tr =
1
2
[
φ′2 −R−20 e−2B(lφ)2
]
+ V, (12)
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where, Tµ ρ = t0δρµ, Tθ θ = tθ and Tr r = tr.
In this work we consider a power-law modified gravity in the form f(T ) = T +kT n, where
k and n are two torsion parameters controlling the departure of the usual teleparallel theory
[36]. The corresponding equations of motion are
1
2
[
Φ∗′′ + (4A′ +B′)Φ∗′ −R−20 e−2Bl2Φ∗
]
=
∂V
∂Φ
(13)
1
2
{
1 + 4n−1nk [−A′ (3A′ + 2B′)]n−1
}
[(3A′ +B′) (4A′ +B′) + 3A′′ +B′′]
−4n−1kn (n− 1) (3A′ +B′) [−A′ (3A′ + 2B′)]n−2 [A′′B′ + A′ (3A′′ +B′′)]
−3A′2 − 2A′B′ + 4n−1k [−A′ (3A′ + 2B′)]n = −κg
{
Λ +
1
2
[
φ′2 +R−20 e
−2B(lφ)2
]
+ V
}
, (14)
2
{
1 + 4n−1nk [−A′ (3A′ + 2B′)]n−1
}
[A′ (3A′ +B′) + A′′]
−4n−1kn (n− 1)A′ [−A′ (3A′ + 2B′)]n−2 [A′′B′ + A′ (3A′′ +B′′)]
−3A′2 − 2A′B′ + 4n−1k [−A′ (3A′ + 2B′)]n = −κg
{
Λ− 1
2
[
φ′2 −R−20 e−2B(lφ)2
]
+ V
}
,(15)
(−4)n−1 k (2n− 1) [A′ (3A′ + 2B′)]n
+A′ (3A′ + 2B′) = −κg
{
Λ + 1
2
[
φ′2 −R−20 e−2B(lφ)2
]
+ V
}
. (16)
The equations (13), (14), (15) and (16) form a quite intricate system of coupled equations.
Thus, we first analyse the solutions exterior to the brane and then, we propose a possible
solution for the brane core.
A. Thin string like regime
We assume as the exterior brane the region where both the potential and the field deriva-
tive φ′ vanish. This solution can also represent the bulk geometry of a thin string-like
brane [44]. By restricting our analysis to the l = 0 field configuration, the vacuum exterior
geometry is governed a bulk cosmological constant term. Thus, assuming TN M = 0 and
A′ = B′ = −c, the EOMs (14), (15) e (16) yields to
5c2 + (−4)n−1 k (2n− 1) (5c2)n = −κgΛ. (17)
6
The Eq.(17) establishes a relation between the bulk cosmological constant, the torsion pa-
rameters and c. The corresponding exterior metric takes the form
ds2 = e−2crηµνdxµdxν + dr2 +R20e
−2crdθ2, (18)
which is the thin string-like brane solution in the Gherghetta-Schaposhnikov (GS) model
[44]. However, unlike the usual GR braneworld, the torsion modification enables new possible
configurations.
Firstly, let us seek for solutions of Eq.(17) for Λ = 0. If n = 1 the only solution is c = 0,
which leads to a factorizable Kaluza-Klein model. Yet, for n = 2 we obtain the solution
c = ±
√
κg
60k
, (19)
whereas for n = 3 we find c = ± 4
√
1
200k
. Accordingly, the torsion yields to a warped
compactified spacetime even in the absence of a bulk cosmological constant. Indeed, from
Eq.(6) and Eq.(19) we obtain an effective cosmological constant as
ΛT = − 1
3k
. (20)
Since k > 0 in Eq.(19), the torsion produces a negative cosmological constant.
Now let us consider a non-zero bulk cosmological constant and analyse how the torsion
modifies the Eq.(19). For n = 1, the Eq.(17) yields to
c = ±
√
κg (−Λ)
5 (1 + k)
. (21)
The Eq.(21) reveals a striking effect of torsion upon the exterior geometry. For Λ < 0, the
torsion parameter can assume the values in the range k > −1, whereas for k < −1 the bulk
cosmological constant should be positive. This transition from a AdS6 into a dS6 spacetime
when k goes from k > −1 to k < −1 can be summarized by the modified effective bulk
cosmological constant Λmod in the form
Λmod =
Λ
k + 1
. (22)
It is worthwhile to mention that Λmod > Λ if −1 < k < 0. Moreover, the AdS−dS transition
is discontinuous at k = −1.
For n = 2 we obtain four solutions
c = ±
√
κg (−Λ)
5
or c = ±
√
κg (Λ + 1)
60k
. (23)
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The first two solutions represent the usual thin string-like brane with a AdS6 bulk whereas
the last two solutions are generated by a positive cosmological constant provided k > 0.
Thus, for both n = 2 and n = 1/2 the exterior geometry is the same as in the thin GS
model. Note that in the range 0 < k < 1, the torsion increases the constant c when
compared to the thin string solution [44].
In the thin string brane limit the relationship between the Planck masses is modified by
the torsion as shown in Eq.(9). For instance, if n = 2 in the absence of the bulk cosmological
constant, the relation reads
M24 = −
20piµθ
3ΛT
(
1− 20kΛT
3
)
M46 , (24)
where µθ = 2R0cM
4
6 is the thin string like angular tension [44]. For M4  M6, we set
ΛT  µθ. It is worthwhile to mention that torsion correction in Eq.(24) is bigger than the
GS relation by the factor kΛT .
Note that for A′ = B′ = −c, the torsion invariant T is constant of form T = −20c2.
Likewise the GR braneworld vacuum has constant Ricci scalar, the teleparallel vacuum
solution has constant torsion invariant. The particular choice of the f(T ) modifies the value
and the sign of this torsion invariant.
A noteworthy comment on the Eq.(17) is the appearance of complex solutions for half-
integer values of n. For Λ = 0, the only real solution allowed is the trivial one c = 0.
On the other hand, for Λ 6= 0 the complex solution c = c1 + ic2 leads to the real warp
factor Re(e2A) = e−c1r cos c2r. A similar behaviour was found in stationary solutions called
standing wave braneworld [51]. Henceforward, we restrict our analysis to integers n.
B. Thick string-like brane
Once we studied the effects of the torsion on the exterior geometry, we seek for smooth
thick string-like solutions whose warp factor has the form [36]
e2A(r) = cosh−2p(λr), (25)
where the parameters p and λ determine, respectively, the amplitude and the width of the
source. For the angular warp factor we assume the ansatz
B(r) = ln[cosh−b(λr)] + ln[tanh(ρr)], (26)
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Figure 1: f(T ) for ρ = λ = p = 1. (a) n = 1. (b) n = 2.
where the second term guarantees the regularity condition at the origin (8). The metric
components (25) and (26) bears a resemblance to the GR based thick string-like branes
[52–54]. The corresponding infinitesimal element reads
ds2 = e2A[ηµνdx
µdxν + dr2 +R20 tanh
2(ρr)dθ2], (27)
which is the warped product between a 3−brane and a cigar internal manifold [53]. For
r ≥Max(λ, ρ), the geometry (27) recovers the exterior solution (18).
Let us first study the geometry features of this solution. In Fig. (1), we plotted the f(T )
function for this thick solution for n = 1 and n = 2. For n = 1, the torsion invariant is
concentrated around the origin and decays to a constant value asymptotically. The n = 2
configuration exhibits a maximum value displayed from the origin and a higher asymptotic
value. Thus, the torsion parameters yield to geometric modifications inside the brane core.
1. Vortex solution
Now let us turn out attention to the complex scalar field source. Following the approach
carried out in Ref. [36], the modified Einstein equations yields to
−4 (A′2 − 7A′B′ −B′2 + 5A′′ −B′′)+ 4n−2[−A′(3A′ + 2B′)]n−2kn{2(n− 1)B′2A′′
−24A′4 + 2A′B′ [B′2 − (2n+ 3)A′′ + nB′]− 15A′2A′′ + 5B′A′3 + 17A′2B′2 + 3A′2B′′
−10(n− 1)A′2(3A′′ +B′′)
}
= −2φ′2 +R−20 e−2B(lφ)2, (28)
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Figure 2: Scalar field φ(r) for n = 1, p = ρ = λ = 1. (a) −1 < k < 0 . (b) k < −1.
where we set the gravitational constant κg = 1 for simplicity. The Eq.(28) allows us to
obtain the scalar field for a given geometric solution [36]. For l = 0, λ = 1, ρ = 1 e p = 1,
the scalar field satisfies
7 sech2(r)
16[9− 5 cosh2(2r)]
{
748− 720 cosh(2r) + 100 cosh(4r)
+4nkn[7 sech2(r)− 5]n [13 + 8n cosh(2r) + (8n− 13) cosh(4r)]
}
= 2φ′2. (29)
For n = 1 the solution of Eq.(29) is given by
φ(r) =
7
2
√
2
(1 + k) tanh(r), (30)
whose behaviour is depicted in Fig. (2). Note that for k > −1 the solutions resemble kinks
whereas for k < −1 they behave as anti-kinks.
For n = 3, Eq.(29) provides the solution
φ(r) =
7
2
√
2
tanh(r)
[
1− 272k + 1184k sech2(r)− 336k sech4(r)] , (31)
which is sketched in Fig. (3). Even though the vortex attains the vacuum asymptotically,
it exhibits a non monotonic behaviour. This feature suggests that the torsion induces an
internal structure for the vortex, likewise the deformation provided by self-interaction po-
tentials or non canonical kinetic terms [56]. Notably, such internal structure matches with
the non-monotonic behaviour of the torsion invariant.
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Figure 3: Scalar field φ(r) for n = 3, p = ρ = λ = 1. (a) −1 < k < 0 . (b) k < −1.
2. Source properties
In order to probe further the string-like brane core, we study the distribution of the stress
energy tensor components. From the angular modified Einstein Eq.(15) we find the angular
pressure in the form
tθ(r) = −Λ + 1
κg
{
g2 − 4n−1k (ug)n − 2gy − 2 [1 + 4n−1nk (ug)n−1] [g (1− y)− w]}
− 4
nkn(n− 1)ρ coth(λr) (ug)n
λ u2pκg
{
gρ
[
csch2(ρr) + sech2(ρr) + 5w
]
− w csch(ρr) sech(ρr)
}
, (32)
where we defined the functions g = pλ tanh(λr), w = pλ2 sech2(λr), u = 4ρ csch(2ρr)− 5g
and y = 2ρ csch(2ρr)− g. The angular pressure vanishes asymptotically provided that
Λ = − 1
κg
{
5p2λ2 + (−4)n−1k(2n− 1) (5p2λ2)n} . (33)
The fine-tunning Eq. (33) reveals the relation among the brane width  ≈ 1/λ, the torsion
parameters and the bulk cosmological constant. For p = 1 and n = 1, the Eq. (33) yields to
λ =
√
κg
−Λ
5(k+1)
= c. Similar results can be found for n = 2 and n = 3. Hence, likewise the
5D f(T ) models, the brane width is fine tuned by the bulk cosmological constant [36]. Note
that the higher the k the thicker the brane. Furthermore, for n = 1 as k → −1 the brane
width tends to → 0. For Λ = 0, the Eq. (19) shifts the discontinuity into k = 0. Therefore,
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along the AdS − dS transition driven by k, the string-like brane undergoes a discontinuous
transition between a thick and a thin brane.
Similarly, the energy density and the radial pressure have the form
t0(r) = −Λ + 1
κg
[
3g2 − 4n−1k (ug)n − 2gy
]
+
[
4n−1kn(n− 1)ρ coth2(λr) (ug)n
λ2 u2p2κg
2y
]
×
{
gρ
[
csch2(ρr) + sech2(ρr) + 5w
]− w csch(ρr) sech(ρr)}
+
1
2κg
[
1 + 4n−1nk (ug)n−1
]
y
{
2g − 4y + 4w + ρ2 [csch2(ρr) + sech2(ρr)] }, (34)
and
tr(r) = −Λ− 1
κg
[
3g2 − 4n−1(2n− 1)k (ug)n + 2gy
]
. (35)
In Fig. (4), we plotted the stress energy components for the same value of k = −0.5
and varying the parameter n. For n = 1 (figure a), the source exhibits a localized profile
satisfying the dominant and strong energy conditions. The n = 2 configuration (figure b)
includes a new peak displayed from the origin. That feature reflects the brane internal
structure, which tends to split the brane. A similar result was obtained in a codimension
one model for a real scalar field [36]. A 6D string-like exhibiting a displayed maximum of
the energy density was found in a local vortex with a complex scalar and a gauge field [46].
In a (2 + 1) flat spacetime, a local ringlike vortex was obtained exhibiting a similar energy
density [56].
A noteworthy feature is the violation of the dominant energy condition for n = 2. For
n = 3 (figure c), the weak energy condition is violated as well. For n = 1 and high values
of k < 0 or n = 2 and 0 < k < 1, the source presents a negative energy density phase.
Therefore, the torsion produces modifications in the source equation of state that might
lead to the brane splitting.
Another important property of the source is the brane tension. The f(T ) dynamics
modifies the string-like brane tension defined in Ref. [44] by
µi =
ˆ 
0
fT e
2A+Bti(r)dr, (36)
where  is the brane width. The Fig. (5) shows the variation of the brane tensions inside the
brane core. For n = 1 the angular and radial tensions coincide whereas the timelike tension
12
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Figure 4: Stress-energy components for p = 1, ρ = 1, λ = 1 and k = −0.5. (a) n = 1. (b) n = 2.
(c) n = 3.
is negative. The n = 3 configuration reveals positive brane tensions with a plateau inside
the core. Unlike the GS model, the µ0 tension is lesser than µr and µθ.
III. GRAVITATIONAL PERTURBATIONS
In this section we investigate the effects of torsion on the propagation of the gravitational
perturbations. We follow closely the analysis performed in Ref.[42] and extend it to a six
dimensional bulk.
Consider the seschsbein perturbation
ha µ =

eA(r)
(
δaµ + w
a
µ
)
0 0
0 1 0
0 0 R0e
B(r)
 ,
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Figure 5: Brane tensions for ρ = 1, λ = 1, p = 1 and k = −0.05. (a) n = 1. (b) n = 3.
where wa µ = w
a
µ(x
µ, r, θ). The resulting metric perturbation takes the form ds2 =
eA(r) (ηµν + γµν) dx
µdxν+dr2 +R20e
2B(r)dθ2, where the metric and the sechsbein perturbation
are related by
γµν = (δ
a
µw
b
ν + δ
b
νw
a
µ)ηab,
γµν = (δµawb
ν + δνbwa
µ)ηab. (37)
Assuming the transverse traceless metric gauge ∂µγ
µν = 0 = ηµνγµν leads to the sechsbein
gauge
δµaw
a µ = 0, (38)
The non-vanishing components of the torsion tensor are
T ρ µr = −A′δρµ − (δρawa µ − δaµwa ρ)A′ − δρawa µ,
T ρ µν = δ
ρ
a(∂µw
a
ν − ∂νwa µ),
T ρ µθ = −δρa∂θwa µ,
T θ θr = −B′, (39)
whereas the non-vanishing contorsion components are
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Kρ µr = A
′(δρaw
a
µ − δaµwa ρ) +
1
2
(
δρaw
′a
µ − δaµw′a ρ
)
,
Kρ rν = −A′δρν −
1
2
(δaνw
′
a
ρ − δρaw′a ν) ,
Kr µν = e
2A(A′ηµν + A′γµν +
1
2
γ′µν),
Kρ µν =
1
2
[
δaµ(∂
ρwaν − ∂νwa ρ) + δaν(∂ρwaµ − ∂µwa ρ)− δρa(∂µwa ν − ∂νwa µ)
]
,
Kρ µθ =
1
2
(
δρa∂θw
a
µ − δaµ∂θwa ρ
)
,
Kρ θν = −1
2
(δρa∂θw
a
ν + δ
a
ν∂θw
a
µ) ,
Kθ µν =
1
2
(δaµ∂θw
a
ν + δ
aν∂θwa
ρ) e2Agθθ,
Kθ rθ = −B′,
Kr θθ = B
′gθθ. (40)
Accordingly, the non-vanishing components of the dual torsion tensor are
Sρ
µr =
1
2
[
(3A′ +B′)δµρ −
1
2
(δaρw
′
a
µ + δµaw
′a
ρ)
]
,
Sr
µν =
1
2
[
A′(δµaw
aν − δνawaµ) +
1
2
(δµaw
′aν − δνaw′aµ)
]
e−2A,
Sρ
µν =
1
4
[δνa(∂
µwa ρ − ∂ρwaµ)− δµa (∂νwa ρ − ∂ρwaν)] e−2A +
1
4
δaµ(∂
µwa
ν − ∂νwa µ)
+
1
2
[
δνρδ
λ
a∂λw
aµ − δµρ δλa∂λwaν
]
e−2A,
Sr
µr =
1
2
(δρa∂ρw
aµ)e−2A,
Sρ
µθ = −1
4
(δaρ∂θwa
µ + δµa∂θw
a
ρ)g
θθ,
Sθ
µν =
1
4
(δµa∂θw
aν + δaν∂θwa
µ)e−2A,
Sθ
θr = −2A′. (41)
The linearlized modified Einstein equation Eq.(3) has the form
1
h
fT
[
δgNP∂Q
(
hSM
PQ
)
+ gNP∂Q
(
hδSM
PQ
)
−h
(
δΓ˜Q PMSQN
P + hΓ˜Q PMδSQN
P
)]
+ fTT δSMN
Q∂QT +
1
4
δgMNf = δTMN , (42)
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which for δh = 0 and δT = 0 yields to
−1
4
[
e−2Aγµν + (4A′ +B′)γ′µν + γ′′µν +R−20 e−2B∂2θγµν
]
e2AfT
+
1
2
[(4A′ +B′)(3A′ +B′) + 3A′′ +B′′] γµνe2AfT +
1
4
γµνe
2Af
−fTT
[
2(3A′ +B′)γµν − γ′µν
]
[A′′(3A′ + 2B′) + A′(3A′′ + 2B′′)] e2A = δTµν , (43)
where  = ηµν∂µ∂ν and the radial and angular perturbations vanish. The linearlized stress
energy tensor writes
δTµν = δ(Tµ µgµν) = δ(Tµ µ)ηµνe2A + Tµ µγµνe2A. (44)
The gravitational field equation provides the condition
1
2
[(4A′ +B′)(3A′ +B′) + 3A′′ +B′′] fT
−2(3A′ +B′) [A′′(3A′ + 2B′) + A′(3A′′ + 2B′′)] fTT + 1
4
f = Tµ µ. (45)
Employing the condition (45) and the vanishing trace δ(Tµ µ) gives the perturbation equation[
e−2Aγµν + (4A′ +B′)γ′µν + γ′′µν +R−20 e−2B∂2θγµν
]
fT
−4 [A′′(3A′ + 2B′) + A′(3A′′ + 2B′′)] γ′µνfTT = 0. (46)
Assuming the Kaluza-Klein decomposition γµν(x
ρ, r, θ) = µν(x
ρ)
∑∞
β=1 χ(r)e
iβθ and a 4D
plane-wave satisfying (−m20) µν = 0, the perturbed Einstein equation Eq.(46) yields to
χ′′ +
{
4A′ +B′ − 4 [A′′(3A′ + 2B′) + A′(3A′′ + 2B′′)] fTT
fT
}
χ′
+
(
e−2Am20 −R−20 e−2Bβ2
)
χ = 0. (47)
The torsion adds a new term proportional to fTT/fT when compared to the GR based
string-like braneworld [52, 53].
1. Kaluza-Klein modes
Let us firstly consider the effects of torsion in the region exterior to the brane. That limit
can also be interpreted as representing a thin string-like brane. In this regime A′ = B′ = −c
and the Eq.(47) takes the form
χ′′ − 5cχ′ + e2cr (m20 −R−20 β2)χ = 0. (48)
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Figure 6: Massive modes for p = ρ = λ = 1. (a) n = 1. (b) n = 2. (c) n = 3.
The Eq.(48) is the same of the thin string-like brane in GS model [44]. As depicted in Fig.(6)
the asymptotic divergence of the massless gravitational shows that they form a tower of non-
localized states. Nearby the origin, the torsion modifies the KK modes by
χ′′ −
{
120r2 + (15kn28nr2 + 16r2 − 24) + 8nkn[2(2n− 1)r2 − 3]
3r(8 + 8nkn)
}
χ′ −m20χ = 0, (49)
whose finite solutions are given by the Kummer Hypergeometric confluent function
χ(r) = C 1F1
(
12m20 + 3(2)
3n−1nkm20
136− 23n+1nk19(2)3nkn2 , 1,
136− 23n+1nk19(2)3nkn2
12m20 + 3(2)
3n−1nkm20
r2
)
, (50)
where C is a constant.
By employing the matrix method, we numerically solved the Eq. (47), thereby obtaining
the KK spectrum and the respective massive modes. Adopting the usual boundary condition
χ′(0) = χ′(∞) = 0 [44, 57] with a cut off at r = 6 and N = 1.200 subdivisions, the first
massive modes are shown in Fig. (6), whereas the spectrum is depicted in Fig. (7).
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Figure 7: Massive spectrum for p = ρ = λ = 1. (a) n = 1. (b) n = 2. (c) n = 3.
For n = 1 the massive modes exhibit a single bump inside the thick string-like brane,
whereas for n = 2 two bumps appear. This seems to indicate a splitting process of the
massive modes inside the brane as it splits from a thick string-like into ring-like branes. On
the other hand, the n = 3 configuration has no small amplitude inside the brane. We discuss
more on this behaviour in the following subsection.
The spectrum shown in Fig. (7) reveals an usual linear behaviour for small masses [44, 57].
For n = 1 the spectrum is independent of the torsion parameter k, as expected from the
expression Eq.(47). For n = 2 and n = 3, by considering opposite values of k the spectrum
suffers a shift for the first masses. Nonetheless, as the masses increase, their values tend to
be independent of the torsion parameter k, as shown in Fig. (8).
18
0 20 40 60 80 100 120 140
j
0.8
1.0
1.2
1.4
1.6
1.8
2.0
Masses ratio mk=0.9j /mk=−0.9j for n = 2
0 20 40 60 80 100 120 140
j
0.8
1.0
1.2
1.4
1.6
1.8
Masses ratio mk=0.1j /mk=−0.1j for n = 3
(a) (b)
Figure 8: Ratio between the KK masses. (a) For n = 2. (b) For n = 3.
A. Analogue potential
Employing the change to a conformal coordinate z =
´
e−Adr and the change on the wave
function χ(z) = e−
1
2
(3A+B)+
´
K(z)dzΨ(z), the KK Eq. (47) can be recast into a Scho¨dinger-like
equation [−∂2z + U(z)]Ψ(z) = m2Ψ(z), (51)
where the potential is defined by
U(z) = H˙ +H2, (52)
where the prime ( ˙ ) denotes differentiation with respect to z, with
K(z) = −4e−2A
[
3
(
A˙3 − A˙A¨
)
+ 2A˙2B˙ − B˙A¨− A˙B¨
] fTT
fT
, (53)
and m2 = m20 − β2R−20 e2(A−B). The superpotential H is given by
H =
1
2
(
3A˙+ B˙
)
+ 4e−2A
[
3
(
A˙3 − A˙A¨
)
+ 2A˙2B˙ − B˙A¨− A˙B¨
] fTT
fT
, (54)
and the quantum mechanic supersymmetric form of the potential U ensures the absence of
tachyonic KK gravitational modes.
Besides the spectrum stability, the potential in Eq. (52) allows a massless KK mode of
form
Ψ0 = N0e
1
2
(3A+B))−´ K(z)dz, (55)
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where N0 is a normalization constant. From the expression in Eq. (53) the torsion modifi-
cation encoded in the function K(z) acts only for fTT 6= 0.
For p = 1 in Eq. (25), the conformal coordinate is given by z = sinh(λr)/λ and the
superpotential has the form
H =
1
2
ξ −
4
nk(n− 1)n csch2
(
2ρ arcsinh(zλ)
λ
)
(zλ2ξ)
n
zξ[1 + (zλ)2]

×
sinh
(
2ρ arcsinh(zλ)
λ
)
ζ − 4z[1 + (zλ)2] 32ρ2 cosh
(
2ρ arcsinh(zλ)
λ
)
16zλ2[1 + (zλ)2]ρ csch
(
2ρ arcsinh(zλ)
λ
)
+ [1 + (zλ)2]
1
2%
,
(56)
where
ξ = − 5zλ
2
1 + (zλ)2
+
4ρ csch
(
2ρ arcsinh(zλ)
λ
)
[1 + (zλ)2]
1
2
,
ζ = −2[1 + 3(zλ)2 + 2(zλ)4]ρ+ zλ2[1 + (zλ)2] 12 [3 + 2(zλ)2]sinh
(
2ρ arcsinh(zλ)
λ
)
,
% = nk(4zλ2ξ)n + z2
[
nkλ2(4zλ2ξ)n − 20λ4] . (57)
The expression of the potential is too lengthy to be written here. Instead, we plotted the
potential for some values of the torsion parameter and explore some qualitative features.
Unlike the GR based string-like branes [52, 53], for n = 1 (Fig.9 (a)), the potential has a
smooth potential well which is finite at the origin and vanishes asymptotically. Moreover,
the effective potential is independent of the torsion parameter k. For n = 2 and k < 0
(Fig.9(b)), the potential exhibits a volcano shape with a infinite potential well around the
origin, as in the GR based string like models [53, 54]. However, as k grows in absolute
values, the torsion yields to an infinite potential barrier at the origin. For n = 2 and k > 0
(Fig.9(c)), by changing the sign of the k, the torsion produces a repulsive potential at the
origin and a potential well displayed from the origin.
The case n = 3, plotted in Fig. (10), shows additional infinite barriers inside the brane
core for k < 0, as we can see in Fig. (9a). On the other hand, for k > 0 the torsion provides
only a repulsive behaviour at the origin and a potential well shifted from the origin.
The profile of the massless mode is depicted in Fig. (11). For n = 1 the function
K(z) vanishes identically and then, the massless mode has the same form as in the GR
based string-like braneworld [52–54]. As the torsion increases, the massless mode diverges
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Figure 9: Effective potential for p = ρ = λ = 1. (a) n = 1. (b) n = 2 and k negative. (c) n = 2
and k positive.
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Figure 10: Effective potential for n = 3, p = ρ = λ = 1. (a) k negative (b) k positive.
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.
at the origin. That result agrees with the infinite barrier at the origin and the displayed
potential well exhibited by the analogue potential. For k > 0, the massless mode becomes
non-localized as the torsion increases.
IV. FINAL REMARKS AND PERSPECTIVES
We studied the torsion effects on a string-like braneworld in the context of the f(T )
teleparallel gravity. Likewise the codimension one f(T ) braneworld ([36]), the torsion pro-
duces an inner brane structure tending to split the brane. Furthermore, the f(T ) modi-
fications provide a source for the bulk cosmological constant. The exterior region is also
modified by the torsion which yields to a AdS-dS transition.
By assuming a single complex scalar field as source, we found usual and deformed global
vortex solutions controlled by the torsion parameters. The thick string-like brane undergoes
a phase transition evinced by the stress energy components and the torsion invariant. The
additional peaks in the energy density at the brane core suggest the formation of a ring-like
structure surrounding the initial brane at the origin. Similar behaviour was found in an
Abelian local vortex composed by a complex and a vector fields [46] and in a deformed
vortex [56]. As the torsion parameters increase, the source violates the dominant energy
condition, which reflects on the negative pressure responsible for the brane splitting. A
noteworthy extension of the present work is given by the analysis of the solutions for higher
22
winding number and the determination of the corresponding potential.
The linearized Einstein equation modifies the KK equation only for fTT 6= 0. The tower of
non-localized massive gravitational fluctuations exhibits a linear gapless spectrum for small
masses and a torsion independent behaviour for large masses. For the first massive values,
the massive mode has one small bump for n = 1 and two bumps for n = 3 inside the brane.
Therefore, the brane splitting process leads to modifications of the massive gravitons inside
the thick brane.
The analysis of the Schro¨dinger-like potential reveals the effects of the torsion on the KK
modes. Unlike the GR based string-like braneworld, the torsion removes the divergence of
the potential well at the origin for n = 1, regardless the value of k. For n = 2, the attractive
well turns into an infinite barrier as k increases in absolute value. For k > 0, a finite
potential well is formed displayed from the origin. We find an interesting configuration
for n = 3 where multiples wells and infinite barriers are formed shifted from the origin.
These barriers prevent the small amplitudes for the massive modes inside the brane. As a
result, the torsion tends to localize the gravitational modes in ring-like structures around
the origin. Notwithstanding, for k > 0, the massless mode undergone a transition, becoming
non-localized as the torsion increases. These features suggest as an important perspective,
the study of the resonant modes and the effects of the KK spectrum on the gravitational
potential on the brane.
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